Abstract. For a coloring c of a graph G, the edge-difference coloring sum and edge-sum coloring sum with respect to the coloring c are respectively
Introduction
The general graph proper-coloring is one of the most well-known problems in combinatorial optimization. Besides its theoretical significance as a canonical NP-Hard problem [4] , graph coloring arises naturally in a variety of real-world applications such as timetable problems [7] , warehouse management [5] , frequency allocation in mobile network [8] , register allocation in optimizing compilers [9] , scheduling problem [10] , design and operation of flexible manufacturing systems [11] .
Vertex sum coloring problem is a special case of general graph coloring in which main aim is to minimize the sum of colors, where the colors are represented by natural numbers. It is closely related to the basic graph coloring problem and it was introduced by Kubicka [2] for the first time. It is known to be NP-hard with several practical applications including VLSI design, scheduling, and distributed resource allocation (see [21] for a list of references) and also has been investigated in literature [12, 14, 15, 17, 18, 19] .
Let G = (V, E) be a simple graph. A proper vertex-coloring of G is an assignment c : V → N such that each of two adjacent vertices are received different colors. The vertex chromatic sum of G with respect to the proper coloring c is
c (v) , where the minimum is taken aver all
proper-colorings of G. The vertex strength of G, denoted by s(G), is the smallest number s such that there is a proper coloring c :
Let G and H be two graphs. A homomorphism from G to H is a map f :
problems in combinatorics can be redefined in terms of homomorphism. For instance, the chromatic number of a graph G, denoted by χ(G), is the minimum possible value of n for which there is a homomorphism from G to the complete graph K n . Also, the fractional chromatic number of G, denoted by χ f (G), is the infimum of the ratio m n such that there is a homomorphism from G to the Kneser graph KG(m, n). It is known that the infimum can be replaced by minimum, see [22] .
In [1] , Alishahi and Taherkhani obtained a necessary condition for the existence of homomorphism between two graphs based on their chromatic sums. They used this result to obtain an upper bound for the chromatic sum of a graph G in terms of its fractional chromatic number
. In this paper, we introduce some other necessary conditions for the existence of homomorphism between graphs in terms of their edge-difference chromatic sum and edge-sum chromatic sum. Using these results, we introduce some upper bounds for the edge-difference chromatic sum and edge-sum chromatic sum of graphs based on their fractional chromatic numbers.
The rest of this paper is organized as follows. In the first section, we will introduce edgedifference chromatic sum, denoted by ∑ D(G), and the edge sum chromatic sum, denoted by ∑ S(G). Next section is devoted to introduce Kneser graphs and find some upper bounds for edge-difference chromatic sum and edge-sum chromatic sum of Kneser graphs. The necessary conditions for the existence of homomorphism between two graphs will be studied in Section 3.
Finally, two lower bounds for fractional chromatic number of graph will be introduced in Section4.
2. The edge-difference and edge-sum chromatic sum 
and the smallest number of color c for
denoted by ds(G) and ss(G), respectively.
Trivially, χ(G) ≤ ds(G)
, and sometimes inequality strictly holds (see Figure (1)), and Assume that f is a proper coloring for vertices of G and
where ∆ and δ are maximum and minimum degrees in graph G, repectively. Therefore it's trivial that
In fact the minimization in inequality (6) is on any proper coloring f . So, we can obtain some upper and lower bound for
It should be noted that the latter bound more tightly, if the values of ∆ and δ are close to each other(see figure (1) and (2)). Spicially for every k-regular graph we have two following Propositions. are independent sets, where
Proposition 2.3. For every k-regular graph
G we have ∑ S(G) = k ∑ G and ss(G) = s(G).
Proposition 2.4. For every k-regular graph G, we have
Let G be a graph and S be an arbitrary independent set of G. As an immediate consequence of the definition of the edge-difference chromatic sum, we have
where I is the set of all edges between S and G \ S (see Figure (3) ) and
Now set S = A 1 and G = KG(m, n) in (9) . The term
| can be calculated exactly, when we use coloring c ′ for KG(m, n). With replacement in (9), we have By turning m to m − 1 in (10) after m − 2n iterations, the following inequality would be obtained.
The term
is non-positive for n ∈ N, since 1 2
and so,
.
KG(m, n). (12)
For recent proper coloring c
, which is may be the exact value of ∑ KG(m, n) [1] . Therefore inequality (12) implies that
Non-homomorphism theorems
One of the significant problems in graph theory is graph homomorphism which is relevant to many concepts in this context. The following theorems may be considered as a non-homomorphism theorems which provide two necessary conditions for the existence of homomorphism from a graph G to an edge transitive graph H. 
It is obvious thatf is a homomorphism which for any edge
|E(H)| . Suppose that c is a coloring of H such that Σ c D(H) = ΣD(H). Naturally, this coloring implies
a coloringc on the vertices of G. Therefore,
Thus, there is an i such that the restriction ofc to G i is a coloring c ′ such that
On the other hand we know ΣD(
By the same argument as in proof of theorem (4.1) the next theorem can be proved. 
Inequalities (14) and (15) Proof. Note that C 5 is an edge transitive graph and
. Accordingly, the inequality (15) does not hold but inequality (14) holds. Therefore according to Theorem (4.2) there is no homomorphism from Petersen graph to C 5 .
Some results and Applications
The fractional chromatic number of a graph G, denoted by χ f (G), is the infimum of the ratio m n such that there is a homomorphism from G to KG(m, n). As shown in [22] , the infimum can be replaced by minimum. This definition shows that the Kneser graphs play the same central role in fractional graph coloring as the complete graph in graph coloring. It is
Theorem 5.1. For every graph G the following inequality holds
and inequality (11) and also Theorem 4.1, it can be concluded that
Proof. The proof is stated on inequality (13) and an argument similar to Theorem (5.1). as desired.
Now assume that

Conclusions
In this paper the edge-difference chromatic sum, ∑ D(G) and edge-sum chromatic sum, ∑ S(G) as two concepts of coloring problem are introduced. According to these concepts the necessary conditions for the existence homomorphism between two graphs are given. As a result of this condition, we presented some lower bounds for χ f (G). Moreover these bounds will be better if ∑ D(KG(m, n)) and ∑ S(KG(m, n)) are accurately calculated.
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